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Finite elements on non-matching grids : motivations

Possible uses of
non-matching grids

@ A simpler treatment of complex geometries, cracks, material interfaces, ...

@ Inverse problems, shape optimization : geometrical features of a priori
unknown shape
(domain changing on iterations)

@ Fluid-Structure interaction, particulate flows, ...
(domain changing in time)
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Previous works, first works

References
Saul’ev ’63 (Dirichlet), Astrakhantsev *78 (Neumann), Glowinski
et al. 1990’s (several extensions and variants)

Formal idea
Fictitious extension of the solution to a surrounding box
Boundary conditions are imposed by Lagrange multipliers or
Penalization

© Non-conform mesh (complex and time varying geometry)
@ Large FE matrix and bad cond. number
® The extension is only 4! regular => poor accuracy O(\/h)

Michel Duprez @-FEM : fictitious domain method with levelset functions



Previous works, XFEM : cut shape functions

References
Moes-Bechet-Tourbier 2006, Haslinger-Renard 2009

Formal idea
Cut shape function : ¥, — Vi1l
Boundary condition on I' : Lagrange multiplier
Conditioning of the matrix : stabilization on the boundary

I'=0Q

© Small FE matrix
© Good conditioning number
© Non-classical shape functions and discontinuity in the integrals
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Previous works, Cut FEM : partial integration on the cells

References
Burman-Hansbo 2010-2014 (and later works)
Formal idea
Partial integration on the cell near the boundary
Lagrange multiplier or penalization for the boundary conditions
Conditioning of the matrix : Appropriate stabilization
— (Ghost penalty)

© No fictitious extension of the solution
© Optimal accuracy

© Standard shape functions

© Not straigtforward to implement : need to evaluate the
integrals on cut mesh elements.
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Previous work : Shifted Bound. Method : Taylor expansion

Formal idea (Dirichlet) Reference
Taylor expansion of the bound. cond.  Main-Scovazzi 2017

Real boundary conditiononI' : w = up
Discrete bound. cond.onT': u + Vu - d = up

© No cut integral

© Optimal accuracy in the Dirichlet case

@ Theory : the discr. bound.y has to be closed to the real bound.
@ Theory : no theory for Neumann
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PhiFEM

Goal of ¢-FEM :
e Non matching grid
e Optimal acuracy

o Straigtforward to implement

Michel Duprez
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What is the idea of ¢-FEM ?

Hypothesis :
Assume that €2 and I are given by a level-set function ¢ :

Q:={p<0}andT := {¢ = 0}.

¢=0
Good candidat : the signed distance
Idea of ¢-FEM :

Include the Level-set function in the formulation
to take into account the boundary conditions
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Dirichlet BC : ¢-FEM for elastiscity

The standard conforming FEM vs. ¢-FEM

The domain 2 and its boundary I" be given by a level-set function ¢ :

0:={¢p <0} R
and ‘R
ri={6=0} -
3 —div(o(u)) = fon Q Just. —div(o(¢v)) = f on Qp
s u=0onT Then u = ¢v

Qn
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Dirichlet BC : The idea of ¢-FEM on a formal level

Reminder :

Q:={p<0}andT :={¢p =0}

Qp, D Qs slightly larger than Q2

=0

The ¢-FEM ansatz :
u = ¢v; wu and v are extended to 2y,
Strong formulation :
—div(o(¢v)) = fonQy

The weak formulation for v € H'(Q;,) with f given on (2, :

/ o(ov) Vigw) — [ 2
Qn

o0y, 8’[1
This problem is ill posed. Nevertheless, we use it as a starting point for the
FE discretization and stabilize...
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Dirichlet BC : ¢-FEM on the fully discrete level

Set up, = vpon where vy, € V4, (the conforming Py, FE space on 7Tp,) solves

/ o(¢rvn) - V(prhwn) —/ %(qﬁh%)dﬁhvh + Gn(vn, wn) = / fonwn + G (w),
Qn o9, Qn

Ywp, € Vi,
with ¢, = I1,(¢) (interpolation to FE of degree > k).
G and G stand for the the ghost penalty
G (vp,wp) = och Z h’Uh i(ﬁf)hwh)}
an
EEFr
. . Q
+oh? ZTGTJ fT div(o(édnvn)) div(e(prwn))
D 7
Gl (wp) = —0h2 / fdiv(e(prwn)) N,
9, T=00

TeTr
Notations :

Tn ={T €Tn: TNy #@} (Tn={¢n=0});
Fr = {F (an internal edge of 7) such that 37" € 7, : T NI}, # @ and E € 9T'}.
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Dirichlet BC : An a priori error estimates

Theorem (Duprez-Lozinski’20)

Let u € H*2(Q) be the exact solution and uy, := ¢nvy, be given by ¢-FEM. Under
the assumptions above (and some more technical ones), taking o > 0 big enough,

u—unlro < CR"||fllk.q,, w — unllo.e < CR*2| fllk.c2,

with C = C(regularity of T, regularity of ¢).

Remark :
@ Numerical experiments show in fact ||u — up|jo,0 < Ch*+?
@ For non-homogeneous Dirichlet conditions up, we replace ¢v by ¢v + up

@ Optimal conditioning number

Lemma (Key tool : Hardy inequality)

We assume that the domain € is given by the level-set ¢ regular enough.
For any u € H**(O) vanishing on T :

[u/¢lk,0 < Cllullk+1,0-
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Dirichlet BC penalized version

Ansatz : u, = ;¢nwy, on Q)
Duality : it is impose in a least square manner.

Find u;, € V;, (]P’k FE space on the discrete domain €25)
and wy, € Qn.p (P* FE space on the cells of the boundary Q)

/ o(un) : Vo, — / o(up)n - vy + %/ (un — %@h'UJh) (vn — %dmzh)
Qp, aQy, Qr

+ 1 (un, i) = / font+J " (v), Yo onVi,znonQnp
Qp,

with the same stabilization terms

T (w,v) = oh Y / [0(u)-n] - [o(v) n]+oh” / (dive(w)) - (dive(v))

i T
BeFf TeT)

AOES Y / f - (dive (v))

T
TEeT,
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Dirichlet BC penalized version : numerical simulations

0 =1[0,1] x [0,1], ¢(z,y) = = + (z — 0.5)> + (y — 0.5)>.

Parameters: ' =2 andv = 0.3, and vy = op = 20.0,k = 2.

exact solution : u = u., := (sin(x) exp(y), sin(y) exp(z))

We extend u? from I to €, (direct method) or Ql,: (dual method) : u? = ez (1 + @)

—@— Direct ¢-FEM
—@— Dual ¢-FEM

5 5 g
E —@— Standard FEM % s T T T T -3 101 g %
° 107° 2 107 JE 100 E
; ol ﬂ/,/n/'/. 210} |
S s g 107 ¢ E
N;_‘ 10710 .—1‘-‘ 10_7 mlf]\zuwff g EL ‘
= 1072 107t = 102 10t Y 107 107

h h L? relative error

Remark : We have a better convergence than standard FEM
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Neumann BC : ¢-FEM scheme

Since n ~ V¢/|V¢|, the Neumann boundary problem can be reformulated as

—dive(u) = finQy,
y+o(u)=0inQ,
3 B o or AN AQT
o(u)-n=0onT' < —y-Vo+pp=0inQy, . - h
The ¢-FEM scheme is then obtained : Find (wn, ¥y, p,) € Vi X Zn X Qn,n such

that
/ o(up) : V(vp) +/ (y, -m)-vn —|—ydiv/ divy,, - div z,
Qp Ty, ol
' 1
+7u / (y, + o(up))(zn + a(vn))+%/ (yh Von + :Dm%) (Zh Von + E%%)
Jaol
“h

—l—aph/. [o(un) - n][o(ve) -n] = / f- vh—{—'ydw/ f - divzy

VYV (Vn, 2h, @) € Vi X Zn X Qn N
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Neumann BC : optimal convergence

Theorem (D.-Lozinski-Lleras 2022)

Suppose that the mesh is quasi-uniform (under some weak
assumption), | > k +1, Q C Qp and f € H*(Qy,). Let u € HF2(Q)
be the continuous solution and (up, yp, pp) € W}Ek) be the discrete

solution. Provided v ;y, “Yu, Vp, 0 are sufficiently big, it holds

k
lu—unli0 < CRE([| fllk.n + 9llk41,0r)

and

k
lu —unllo.e < CR2(1 fllkg, + 9l 1.0r)

Remark
@ non-homo. bound. cond. : -y - Vo + pp = g|V |

o The cost of the additional variables y and p is asymptotically
negligible as h — 0 since the band Q) is of width h

@ Optimal conditioning number
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Neumann BC : numerical simulation

 Real geometry : 2 := {¢ < 0}
* Level set function (polar coordinates) :
o(r,0) = r*(5+3sin(7(0—00)+77/36)) /2— R*

where R = 0.47 and 0, € [0, 27) o2

* Surrounding domain : © = (—0.5,0.5)?

« Exact solution : u(z,y) := sin(z) exp(y)
¢ Source term : f := —Au +u

 Extrapolated Neumann boundary condition :

e
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Neumann/Dirichlet (penalized version) BC

Parameters : A\ = 100 kPa, v = 0.3, v4iy = Yu = ¥p = 1.0, 0 = 0.01 and v = op = 20.0.
exact solution : u., = (sin(z) x exp(y),sin(y) x exp(z))
extrapolated boundary conditions

W = U x(1+6), on QN{z>0.5}, g=0(te)x ku+uux¢, on QI n{z < 0.5}

where we used Ue; X ¢ to add a little perturbation to the exact solution on the boundaries.

~ L? error ¢-FEM
= H? error »-FEM
- L? error standard FEM

|- ¢-FEM = Standard FEM

10— H! error standard FEM |~ | R R
103 — y
5 — 2
5 1074 — e £ 100 .
£10°% 7 - P 2z \
5 106 " L 5 -
o - 2 10 ~
07 o, ‘ 5 b\
-8 — | )
1078 | o 7 ‘ .
1072 107t 10-%0-10-%0-%0-10-302
h L2 relative error
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Particulate flow

Governing equations :

—2vdivD(u)+Vp = psg, in Q
divue =0, in Q
u =U+9ypxr, onT = {¢ =0}
uw =0, on Iy,

- fF(2D(u) —pl)n+mg =0
fr(2D(u) —phnxr =0

pr =0

10 o ) 1
AR
ARTEAIIANY
\\\‘li ilﬁ/f

NS
NN r={¢=0}
! LX) 02 n‘.‘4 | n:s 'n.‘s 1o 0 1
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Particulate flow

Weak formulation :

@ Gh
S,

|

r.” [

We define the non-conforming active mesh 73 on 5, D € with its internal boundary G/,
e v and p can be extended from €2 to {2, an integration by parts gives

21// D(u):D(v)—/ pdivv—/ qdivu—/ (21/D(u)—p[)n~v:/ pPrg-v.
Q, Qp Qy, Gp Qp,

e We make the ansatz u = ¢w + x (U + 1 X r) where ¢ is a level set function for the fluid
domain Q = {¢ < 0}, and  is a sufficiently smooth function on O such that

x = 1 onthe solid S,
x =0o0nT.
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Particulate flow

Weak formulation : Setting u, = x,(Up, + ¥p X 7) + dpwp, v = 1. )
Find w;, € Vi = {xn(Vi + wi, x 7) + o), with s, € V3, Vi, € R4, wy, € R?} and
pr € M), = {qh €C() : qnlr €PF1(T) VT € Th, [ qn = 0} such that

en(un, i vns an) = Lu(vn, qn),  Yon € V™, qn € My,
where the bilinear form ¢y, is given by

cn(Uns Phi Vh, qn) = 2/ D(up) @ D(vp) — /an (2D(up) — prI)n - ppsn
[+ 3

—/ qhdivuh—/ phdiV’vh

+oi? Y [ (outvm)- (- Avthqh)+aZ/(dlvuhxdlvuh)

TeT, TeT!

+oun Y [ - 0w+ o Y [ (o] - 02w

EeF] EeF|

and the linear form Ly, is given by
P
La(vn, 1) = / Prg - bnsn + / P9 - Xn (Vi +wn x 1) + ( pf) mg - Vi
Q (@]

+oh? Y / prg - (—Av, = V).

TeT
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Particulate flow : rate of convergence

Theorem (D.-LLeras-Lozinski 2022)

Let (u, U, %, p) € H*+1(Q)4 x R x RY x HY(Q) be the solution to the continuous

problem and (wp,, Up,, ¥n, pr) € Vi x R% x R x My, be the solution to the stabilized
scheme. Denoting up, := xp(Up + ¥ X 1) + ¢ppwp, the H? a priori error estimate holds for
h < hg

lu—unl1,0n0, + P —Prlo.ane, < CR*(lullkt1, + [Ipllk)
and the error for the translation and the rotation of the solid is the following :

U = Unl + 1% = ¥n| < CR*(lullir1,0 + lIpllk.2)

with some C > 0 and ho > 0 depending on the maximum of the derivatives of ¢ and x of order
up to k + 1, on the mesh regularity, and on the polynomial degree k, but independent of h, f,
and u.

Moreover, supposing Q C Qy,, the L? error of the velocity is :

lu = unllo,o < CR*F2(lullr1,0 + lIpllk,0)

with a constant C' > 0 of the same type as above.
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Particulate flow

Q o]
o T I
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Parameters : ¢(z,y) = R* — (z — 0.5)> — (y — 0.5)%, g =10, p; = 1, ps = 2,
m = psm2R%, 0 = 0, = 20.

Function x : we consider the radial polynomial of degree 5 on the interval (1o, 71)
with 79 = 0.21 and r1 = 0.45 such that x(ro) = 1 and

X'(ro) = x"(ro) = x(r1) = x'(r1) = x"(r1) = 0.
Standard FEM : Taylor Hood
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Particulate flow

@ fu—unllo,0, /|ullo,o, st-FEM & flu—unll1e, /[[ullie, st-FEM

—=— |lu—unllog,/llullo.e, ¢-FEM — llu = unllio, /llulli.0, ¢-FEM
T T T ST e T T T T ]
1 w0p E
| wE E
10*4 Il Il Il Il Il Il L Il Il Il Il Il Il ]
107‘.8 1071.6 107‘ 4 107‘.2 107‘ 1070 8 1071.8 107‘ 6 107‘.4 1071.2 107‘ 1070.8

h h
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Conclusion

Results

e Optimal convergence

> Proof of Poisson-Dirichlet, Poisson-Neumann, Stokes, Heat equation
o Formulation available for any order of approximation
o Well conditioned FEM matrix

e Simple implementation in general purpose FEM packages
> freeFEM, FEniCS (without plugins)

e Good ratio speed/error
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